In this paper, we consider the pricing of the CDS (credit default swap) under a GMFBM (generalized mixed fractional Brownian motion) model. As the name suggests, the GMFBM model is indeed a generalization of all the FBM (fractional Brownian motion) models used in the literature, and is proved to be able to effectively capture the long-range dependence of the stock returns. To develop the pricing mechanics of the CDS, we firstly derive a sufficient condition for the market modeled under the GMFBM to be arbitrage free. Then under the risk-neutral assumption, the CDS is fairly priced by investigating the two legs of the cash flow involved. The price we obtained involves elementary functions only, and can be easily implemented for practical purpose. 
introduction
Credit risk is the risk brought by the party which is unable to perform or meet its settled obligations because of bankruptcy or other serious financial problems during the transaction. Such a risk has long been considered as one of the most adverse factors for the development of the financial market. The management and control of credit risk have thus become again one of the main topics in quantitative finance research after the 2008 Global Finance Crisis took place.
One of the earliest and most basic credit derivatives to effectively manage the credit risk is the so-called CDS (credit default swap). A CDS is a contract transferring credit risk of the assets from its buyer to the seller. The buyer buys the contract from the seller by paying fixed amount of fees regularly as specified in the contract, whereas the seller who is willing to undertake the credit risk has the obligation to compensate the buyer in case of default. The credit risk becomes tradable and manageable after the use of the CDS. With the growing demand for credit derivatives, the accurate determination of the price of the CDS becomes essentially important, because the CDS is usually regarded as the basis of many other credit derivatives.
In the literature, the theoretical pricing of credit derivatives, including the CDS, has received plenty of attentions. For example, Longstaff and Schwartz [14] solved the pricing of credit spread options under an exogenous process. de Malherbe [6] has used a probabilistic approach to determine the price of the CDS under the Poisson process. With stochastic intensity models adopted for the default events, Brigo & Chourdakis [3] considered counterparty risk for CDS in presence of correlation between default of the counterparty and default of the CDS reference credit. It should be pointed out that the accurate determination of a CDS price mainly depends upon the chosen model for the credit risk. In this area, two kinds of models are widely used: the reduced form models and the structural models. The former models originate in [12] , and are further developed in [7, 15, 24] . Under such models, the authors assume that the likelihood and intensity of the default can be derived from the historic data of the company. This assumption, however, ignores the impact of interactions of market risks and other information. The structural models, as another alternative, use the evolution of the structure variable of the asset of the company and the value of the debt to determine the time when the default occurs. In this category, Merton [19] is the one who first used the structural model to characterize the breach by assuming that the default would occur if the company is insolvent. His model was then further development in [23] by taking the stochastic interest rate into account.
Although appealing, the Merton model fails to capture the long-range dependence of real asset returns, as suggested in many recent empirical studies [11, 18, 22, 31] . It should be remarked that the idea that the asset returns could exhibit long-range dependence was suggested in [16] , and subsequently observed in many empirical studies (see [17] and the references therein). To incorporate this issue, the so-called FBM (fractional Brownian motion) is introduced. In addition to the ability of capturing the long-range dependence of the asset returns, this process can also produce a burstiness in its sample path, which agrees well with another important behavior of the time series of the asset returns. It should be pointed out that the FBM is neither a Markov nor a semi-martingale, which ceased the application of classical Itô theory [13] . To tackle this problem, the Wick product is introduced to define the stochastic integration, and the FBM is wickbitrage free [2] . However, it should be further remarked that the concept of wickbitrage does not correspond to arbitrage in the intuitive sense. A wickbitrage-free model such as the FMB may in some cases still lead to implementable naive arbitrage opportunities, as pointed in [2, 5] . To resolve this issue while taking into account the long memory property, the MFBM (mixed fractional Brownian motion) is introduced, which is a linear combination of a BM and a FBM. For a detailed survey on the pricing of various derivatives under the MFBM, we refer to [25, 26, 29] and the references therein.
Recently, the MFBM has been further generalized by Thäle [28] to the GMFBM (generalized mixed fractional Brownian motion), which is a linear combination of a countable number of BMs and FBMs. This model includes the BM, FBM, and MFBM as its simplest cases, and is adopted for the current work. Under this model, we have shown, in Section 2, that the market under the GMFBM could be arbitrage free under certain parameter settings. The pricing of the CDS is then developed under the risk-neutral assumption. The solution we have found is written in terms of elementary functions, and is very easy to implement for practical purpose. It should be further remarked that although some preliminary work regarding the pricing of the CDS has been done in [10] , it is not trivial to extend the methodology to the current GMFBM model. With the availability of the current solution, the CDS prices under different FBM models can be obtained straightforwardly because of the generality of the GMFBM model. Furthermore, through numerical experiments, we discuss quantitatively the impacts of different parameters on the prices of the CDS.
The paper is organized as follows. In Section 2, we briefly review the GMFBM model, and give a sufficient condition for the GMFBM model to be a martingale. In Section 3, we derive a closed-form analytical solution for the price of the CDS. In Section 4, numerical examples and some useful discussions are presented. Concluding remarks are given in the last section.
Generalized mixed fractional Brownian motion
Before considering the pricing of the CDS, we shall briefly review some background concerning the GMFBM. For a more detailed treatment, we refer to [28, 27] . The concept of a GMFBM is recently introduced by Thäle [28] based upon the well known literature of FBM and its generalization MFBM. It is formally defined as follows.
where
According to this definition, it is clear that the GMFBM model is a generalization of all the FBM models considered in the literature. Such a generalized model degenerates to the single FBM model with N = 1, the BM model with
, and the MFBM model with N = 2 and H 1 = 1 2 . As shown in [27] , the GMFBM also has the following properties.
is a centered Gaussian process with variance
(
ii) The increments of Z H are stationary and s
(c 1 ,···,c N ;H 1 ,···,c N ) -self similar in the sense that N ∑ k=1 α k B H k (t) = N ∑ k=1 α k c −H k k B H k (c k t) in distribution. (iii) Z H
exhibits a long-range dependence if and only if there exists k with
(iv) Every simple path of Z H is almost surely nowhere differentiable.
It should be remarked that the classical Itô theory could not be applied to define a stochastic integral over the GMFBM, because it is neither a Markov nor a semi-martingale unless under certain parameter settings [8] . Duncan et al. [8] suggested that the Wick product be used in the definition of the stochastic integral. Once this special product is adopted, the stochastic integral defined will have a zero-mean property, which is very useful for both theoretic development as well as practical application. With the use of the Wick product, a new concept of wickbitrage is defined [9] . It is also suggested in [9] that the FBM models are "free of arbitrage" in the sense that they are free of wickbitrage. While mathematically appealing, the introduction of the Wick product can, however, not prevent arbitrage in the regular sense. Recently, some arbitrage opportunities have already been found under the so-called "wickbitrage free" models [2, 5] . The main reason why the use of the Wick product fails to prevent arbitrage is that with the Itô integral replaced by the integral defined on Wick product, the definitions of portfolio value and self-financing portfolios, two concepts usually used to determine whether the market considered is arbitrage free or not, are totally different from their standard counterparts, as pointed out in [2] . For the MFBM model, it is shown in [4] that with certain constraints placed on the Hurst parameter, the MFBM could be equivalent to multiples of a standard BM, and thus the corresponding market is arbitrage free in the regular sense. In the following, we shall extend such a result to the GMFBM model based on the recent work did in [30] . It should be remarked that the equivalence theorem established in [30] is much more general than the one derived in [4] , because the former considers a linear combinational of a finite number of FBMs, whereas the latter concentrates on the sum of a BM and a FBM only.
Without loss of generality, we consider a GMFBM Z H with H 1 < H 2 < · · · < H N , and α 1 , · · · , α N ∈ R\{0}. From (i) of Proposition 1 and [30] , it is known that Z H is a Gaussian si-process with spectral density where f H k (λ) is the spectral density of a FBM with Hurst parameter H k ∈ (0, 1), and is defined as
According to the fact that the Hurst parameters in Z H are increasing with the subscript, it is not difficult to show that f admits the following asymptotic behavior at λ = ∞:
Intuitively, from (2.1), it is reasonable to write Z H as the sum of a multiple of an FBM with Hurst parameter H 1 and a second, independent Gauss si-process whose spectral density behaves like a multiple of | λ | 1−2H 2 near infinity, as already pointed in [30] . Indeed, van Zanten [30] has shown that if
Here, "Locally equivalent" refers to the equivalence on [0, T ] for every T > 0. We shall briefly outline the proof of the equivalence in the following theorem. Proof. Let f 0 (λ) and f 1 (λ) be the spectral density of Y and Z H , respectively. According to [30] , the main step of showing the equivalence of the two Gauss si-processes is to check the integrability of
where S 0 T is the reproducing kernel of Y. According to the asymptotic behavior of S 0 T obtained in [30] together with the explicit expressions of f 0 (λ) and f 1 (λ), it is not difficult to show that there exists a constant M, such that
The integrability of (2.2) for the case when H 2 − H 1 > 1 4 can then be obtained by the Cauchy approach. This has completed the proof From Theorem 1, one can straightforwardly obtain the following corollary.
Proof. t is the standard BM. Since the market under the standard BM is both complete and arbitrage free [5] , the result of this corollary can be obtained straightforwardly.
It is not difficult to show that when N = 2 and α 2 = 1, the GMFBM considered in Corollary 2.1 degenerates to the MFBM considered in [4] , and our result described in Corollary 2.1 becomes exactly the equivalence theorem established in [4] as well.
Closed-form analytical solution
In this section, we shall derive closed-form analytical expression for the price of the CDS under the CMFBM model. We shall firstly calculate the default probability of the company, based on which, the CDS price can then be obtained by examining its cash flows. 4
Default probability of the company
One of the key steps of deriving the price of the CDS is to determine the default probability of the company. As the name suggests, the so-called default probability describes the likelihood of a default of a financial institution over a particular time horizon. In this subsection, we shall calculate this important quantity, which will pave the way to derive the price of the CDS.
We now consider a GMFBM market consisting of a bank account and a risky asset of the firm (i.e., reference asset). The value P(t) of one dollar in the bank account at time t satisfies
where the constant r > 0 denotes the risk-free interest rate. Furthermore, the value of the reference asset V(t) follows the GMFBM under the probability measure P:
Here, ⋄ denotes the Wick product, µ is the expected rate of asset return, σ is the volatility, ρ is the dividend yield of the underlying, andX t is the GMFBM expressed
with (B H i (t)) t≥0 being independent FBMs of
Hurst parameters
According to the fractional Girsanov theorem [13] , it is known that under the risk-neutral measure Q, V t should satisfy
where X t = µ − r σ t +X t . Now, using Wick calculus, the solution of (3.4) can be found as
According to the communicative and associative law of Wick exponentials [1] , (3.5) can be further simplified as
6) where the operator M H i is defined as
with f ∈ S (R) and
, where I [a,b] is the indicator function of the interval [0, t], and consequently, (3.6) can be rewritten as
According to the Parceval Theorem [1] , it is known that (3.8) can be further simplified as
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Now, let D denote the face value of the loan. If the asset value of the company is less than or equal to D at T , the default of the company is triggered. Therefore, the default probability of the company is equivalent to the probability that V T ≤ D, i.e., P(V T ≤ D). According to (i) of Proposition 1, the default probability of the company can be calculated as
where D V 0 is the initial leverage of the target company, N(·) is the standard normal distribution, and d is defined as
With the default probability of the company available, it suffices for us to determine the price for the CDS. This will be illustrated in detail in the next subsection.
Valuation of the credit default swaps
A CDS is a financial agreement that the seller will compensate the buyer in the event of a loan default or other credit event [20] . The buyer of the CDS should make a series of payments to the seller and, in exchange, will receive a payoff if the loan defaults. It should be pointed out that in swap terminology, the price of a particular swap differs from its value. In terms of the CDS considered, which is a special swap, its price refers to the regular fixed fee that the buyer pays to the seller, and is usually measured by a percentage of the reference asset. A schematic diagram of the transaction mechanics of the CDS is shown in Fig 1. To determine the price c of the CDS, we need to further set up the cash flow of a CDS contract. Suppose that the buyer of the CDS makes fixed amount payments cM to the seller at discrete times t i , i = 1, 2, · · · , n, where 0 = t 1 < t 2 < · · · < t n = T , T is the expiration date, and M is the nominal value of the reference asset. We further assume that the seller has the obligation to compensate the loss of the buyer only at T , by paying (1 − L)M to the buyer if the company defaults with L being the satisfaction rate.
Depicted in Fig 2 is the cash flow of the CDS. From this figure, it is clear that there are two parts of cash flows involved in a certain CDS contract. One is the fixed amount of cash the buyer pays to the seller at each discrete time t i , i = 1, 2, · · · , n. Assuming that the bank interest rate is of continuous compounding, the present value of this cash
−rt i . The other part of the cash flow will come into existence only if the default of the company is triggered. According to the CDS contract, it is known that the buyer could ask for (1 − L)M amount of compensation from the seller. Therefore, the present value of this part is Similarly to a forward/futures contract, when a CDS is initiated, it should be fair to both parties. This implies that the cash flow of the CDS should be zero when the contract is entered into. We obtain P 1 = P 2 , from which, the price of the CDS can be solved as 12) where d is defined in (3.11) . We remark that the CDS price obtained here can easily degenerate to the corresponding prices under other FBM models, because of the generality of the GMFBM model, as already pointed out in Section 2.
With the price of the CDS available, one could further determine the value of this contract by examining the cash flow at the present time t. We let f (t) be the cash flow the CDS at any time t (0 ≤ t ≤ T ), i.e.,
By substituting (3.12) into the above expression of f (t), it is not difficult to show that f (t) = 0. In other words, the net present value of a CDS is always zero. However, if the market interest rate is changing all the time, the CDS could take on positive or negative value, depending on the passage of time.
Numerical examples and discussions
In this section, we shall present some numerical results and carry out some discussions on the newly derived formula. In particular, some quantitative analyses on the impacts of different parameters will be conducted.
Depicted in Fig 3(a) are three sets of default probabilities calculated from the BM, MFBM, and GMFBM, respectively. The absolute differences among the three models are further shown in Fig 3(b) . For comparison purpose, the coefficients α i s are chosen such that both the MFBM and the GMFBM have the same quartiles as the BS distribution with volatility σ, while all the other parameters are kept the same. In particular, we set
where T is the maturity date, H i = 0.5 + 0.95 − 0.5 N − 1 (i − 1) is the Hurst parameter associated with B H i (t), and N is the total number of FBMs involved in the GMFBM. According to Corollary 2.1, it can be deduced that under the above parameter settings, the market under the GMFBM is arbitrage free. From Fig 3, it is interesting to notice that the default probability calculated from the GMFBM model is much closer to the one under the BS model than that of the MFBM. After examining the default probability, we shall turn to investigate the quantitative impacts of different parameters on the price of the CDS. We shall concentrate on analyzing the effects of the expiration time T , the number of discrete payments n, the number of FBMs involved in the GMFBM, because the impacts of the rest of parameters can be observed straightforwardly from the closed-form analytical expression of c.
Depicted in Fig 4(a) are the CDS prices under three different models as a function of the expiration time T . From this figure, one can clearly observe that the price increases when T becomes larger. However, after a certain value of T and onwards, the price decreases as T increases. This is indeed reasonable. For a reasonably small T , the CDS price is dominated by the default probability, which is monotonically increasing with T , as shown in Fig 3(a) . However, when T becomes very large, the dominant factor becomes e
, because the default probability is approaching 1
for quite large T values. In this case, the price would drop if T further increases, as the dominant factor is a monotonic decreasing function with T if n is kept constant, which is the assumption here. On the other hand, for any fixed expiration time T , the price of the CDS varies inversely with respect to the number of the payments, as shown in Fig  4(b) . Financially, this makes sense, too, because if the buyer of the CDS pays to the seller more often, he needs to pay less each time, provided that the total amount of money the buyer could receive in case of default remains unchanged. Regarding the effect of the number of FBMs involved in the GMFBM, we calculate four sets of CDS prices as a function of T , under four different N values, as shown in Fig 5. Note that the BM and MFBM models are special cases of the GMFBM model, and are corresponding to N = 1 and N = 2, respectively. From this figure, it is clear that the prices are approaching to the one under the BM once the number of the FBMs involved in the GMFBM increases. This implies that the currently adopted model can not only exhibit the long-range dependence, but also produce closer results to the BM model than the MFBM model.
Conclusion
In this paper, the pricing of the CDS is investigated under a GMFBM, which includes all the FBM models used in the literature as its special cases. After a sufficient condition for the GMFBM market to be arbitrage free is successfully established, a closed-form analytical expression for the price of the CDS is then derived based on the 9 risk-neutral assumption. Finally, through numerical experiments, the quantitative impacts of different parameters on the price of the CDS are discussed.
